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:Apostol, Carlitz, Rademacher, Berndt, Zagier,
Halbritter, Solomon
$\sum_{0\leq i_{1},\ldots,i_{r}<a}\overline{B}_{r_{1}}(\frac{i_{1}+\lambda_{1}}{a})\cdots\overline{B}_{r_{\mathfrak{n}}}(\frac{i_{n}+\lambda_{n}}{a})$ (1.1)
$(a\in \mathrm{N}, 0\leq r_{1}, \ldots,r_{n}\in \mathrm{Z}, \lambda_{1}, \ldots, \lambda_{n}\in \mathrm{R})$
( ) cone
([9, 1993 ]) $\text{ }$ Chapman Solomon $\mathrm{n}$
([8, 2000 ]) $\circ$ ((1.1)
$\overline{B}_{*}$ 1 )
Apostol
1. $n$-th Bernouffi $B_{n},$ $n$-th Bernoulli $B_{n}(x),$ $n$-th Bernoulli $\overline{B}_{n}(x)$
:
$\frac{t}{e^{t}-1}=\sum_{n=0}^{\infty}\frac{B_{n}}{n!}t^{n}$ , $\frac{te^{xt}}{e^{t}-1}=\sum_{n=0}^{\infty}\frac{B_{n}(x)}{n!}t^{n}$ (1.2),
$\{$
$\overline{B}_{n}(x)$ $=B_{n}(\{x\})$ ($n>1$ )
$\overline{B}_{1}(x)$ $=\{\begin{array}{l}B_{1}(\{x\})(x\not\in \mathrm{Z}\emptyset\ \gtrless)0(x\in \mathrm{Z}\sigma)\mathrm{g}\mathrm{g})\end{array}$
$\{x\}$ $x$ ( $0\leq\{x\}<1$ ) $\chi$ conductor $f$
Dirichlet $B_{n,\chi}$
$\sum_{a=1}^{f}\frac{\chi(a)te^{at}}{e^{ft}-1}=\sum_{n=0}^{\infty}\frac{B_{n,\chi}}{n!}t^{n}$
$k,$ $h$ $(k, h)=1$
1. (Apostol, [1, 1950 ]) $n\in \mathrm{N}$




$\frac{1}{n}$ { $k^{n-1}s_{n}(h$ , $+h^{n-1}s_{n}(k,$ $h)$ } $= \frac{(^{1}Bh-2Bk)^{n+1}}{n(n+1)kh}+\frac{B_{n+1}}{(n+1)kh}$






2. (cf. [2, 3])
(1) $\alpha,$ $a;_{1},$ $\ldots,$ $\omega_{r}\in \mathrm{C}$ , $\omega_{1}\cdots\omega_{r}\neq 0$ $=$
.
$(\omega_{1}, \ldots,uJ_{r})$ Barnes r-
Bernouffi $rS_{n}’(\alpha;\tilde{\omega})$
$\frac{(-1)^{r}te^{-\alpha t}}{\Pi_{i=1}^{r}(1-e^{-\omega_{j}t})}=$ ( $t$ (7) 1 OyR) $+ \sum_{n=1}^{\infty}\frac{(-1)_{r}^{n-1}S_{n}’(\alpha,\tilde{\omega})}{n!}.t^{n}$ (1.4)
(2) $\alpha,$ $\omega_{1},$ $\ldots,$ $\omega_{r}$ $>0$ Barnes $r$- $\zeta_{r}(s;\alpha,\tilde{\omega})$
$\zeta_{r}(s;\alpha,\tilde{\omega})$ $= \sum_{m_{1},\ldots,m_{r}=0}^{\infty}\frac{1}{(\alpha+m_{1}\omega_{1}+\cdots+m_{r}\omega_{r})^{s}}$
$\zeta_{r}$ ${\rm Re}(s)>r\}$
Remark 1.(1) $r=1$ $rS_{n}$’ $\zeta_{r}$
$1S_{n}’(\alpha;(\omega))$ $= \omega^{n-1}B_{n}(\frac{\alpha}{\omega})$
$\zeta_{1}(s;\alpha, (\omega))$ $= \sum_{m=0}^{\infty}\frac{1}{(\alpha+m\omega)^{s}}=\frac{1}{\omega^{\epsilon}}\zeta(s,$ $\frac{\alpha}{\omega})$
$\zeta(s,\frac{\alpha}{v})$ Hurwitz zeta
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2. (cf. [2, 3]) $\zeta_{r}(s;\alpha,\tilde{\omega})$ :
$\zeta_{r}(Sj\alpha,\tilde{\omega})=\frac{\Gamma(1-s)e^{-\epsilon\pi-}}{2\pi i}$ I(\lambda , ) $\frac{e^{-\alpha t}t^{\epsilon-1}}{\Pi_{=1}^{\underline{r}}(1-e^{-\omega- t})}dt$ .
( $\lambda$ $0< \lambda<\min(|\frac{2\pi}{\omega_{1}}|,$ $\cdots,$ $| \frac{2\pi}{\omega_{r}}|)$ $I(\lambda,\infty)$ $+\infty$ $\lambda$
0 $\lambda$ $\lambda$ $\infty$
) $s$ ( )







( $m_{1},$ $\ldots,m_{r}$ $(m_{1},$ $\ldots,m_{r})=(0,$ $\ldots,0)$ )
$\tilde{\zeta}_{r}$ ( $s$ ; ) $=\zeta_{r}(s;\omega_{1},\tilde{\omega})+\tilde{\zeta}_{r-1}(s;(\omega_{2}, \ldots,\omega_{r}))$
$\mathrm{C}$ $\forall n\in \mathrm{N}$
$\tilde{\zeta}_{r}(1-n;\tilde{\omega})=\frac{(-1)_{r}^{r}S_{n}’(0,\tilde{\omega})}{n}.-\delta$ (1.6)








$m=a+hm’(0\leq a\leq h-1,0\leq m’\in \mathrm{Z}),$ $n=b+kn’(0\leq b\leq k-1,0\leq$
$n’\in \mathrm{Z})$ , $N=m’+n’$
:
$\tilde{\zeta}_{2}(s;(k, h))=\frac{1}{(kh)^{\epsilon}}\sum_{a=0}^{h-1}\sum_{t\subset 0}^{k-1}\{\infty\sum_{N=0}’\frac{1}{(\frac{ka+hb}{kh}+N)^{s-1}}+(1-\frac{ka+hb}{kh})\sum_{N=0}^{\infty’}\frac{1}{(_{kh}^{\underline{ka}\pm\underline{hb}}+N)^{l}}\}$
$= \frac{1}{(kh)^{\epsilon}}\{\sum_{a=0}^{h-1}\sum_{b=0}^{k-1}\zeta^{*}(s-1,$ $\frac{ka+hb}{kh})+\sum_{a=0}^{h-1}\sum_{b=0}^{k-1}\zeta^{*}(s,$ $\frac{ka+hb}{kh})$
- $\sum_{a=0}^{h-1}\sum_{\iota\subset 0}^{k-1}(\frac{a}{h}+\frac{b}{k})\zeta^{*}(s,$ $\frac{ka+hb}{kh})\}$ (1.7).
$\zeta^{*}(s, \alpha)=\{$
$\zeta(s, \alpha)$ ( ${\rm Re}(\alpha)>0$ )
$\zeta(s)$ ($\alpha=0$ )
(1.7) ? $s=1-n$ , (1.5), (1.6)($r=1$ )
$\tilde{\zeta}_{2}(1-n;(k, h))=-\frac{(kh)^{n-1}}{n+1}\sum_{a=0}^{h-1}\sum_{b=0}^{k-1}B_{n+1}(\frac{ka+hb}{kh})-\frac{(kh)^{n-1}}{n}\sum_{a=0}^{h-1}\sum_{b=0}^{k-1}B_{n}(\frac{ka+hb}{kh})$
$+ \frac{(kh)^{n-1}}{n}\sum_{a=0}^{h-1}\sum_{l\mapsto 0}^{k-1}(\frac{a}{h}+\frac{b}{k})B_{n}(\frac{ka+hb}{kh})-\delta$ (1.8)
(1.8) 1 $-^{B_{\mathfrak{n}1}}\hat{(n+1)kh}$ 2 $\frac{B}{n}\mathrm{A}$
3 $\frac{1}{n}\{h^{n-1}s_{n}(k, h)+k^{n-1}s_{n}(h, k)\}$ $B_{n}(x)$
2
(a) (the difference equation) :
$B_{n}(x+1)=B_{n}(x)+nx^{n-1}$ .
(b) (the distribution relation) : $N\in \mathrm{N}$
$\sum_{=0}^{N-1}B_{n}(x+\frac{i}{N})=\frac{B_{n}(Nx)}{N^{n-1}}$ .
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$B_{n}(x)$ (12) $\zeta(s, x)$
(a)
$\zeta(s,x+1)=\sum_{m=0}^{\infty}\frac{1}{(x+1+m)^{s}}=\sum_{m=0}^{\infty}\frac{1}{(x+m)^{\epsilon}}-\frac{1}{x^{l}}=\zeta(s,x)-\frac{1}{x^{\iota}}$ .
$s=1-n$ $\zeta’(s, x)(\zeta(s, x)$ $s$ [ )
52.
\S 1 $\tilde{\zeta}_{2}(1-n;(k, h))$ ( $s_{n}(k, h),$ $s_{n}(h, k)$ [
$\tilde{\zeta}_{2}’(1-n;(k, h))$ ( $\tilde{\zeta}_{2}$ $s$ )
” ” ( [14] ) $\circ$
$s_{n}(k, h)$ $\sum_{a=1}^{h-1}\frac{a}{h}\zeta^{*}(1-n,$ $\underline{k}a_{kh}A^{\underline{hb}})$
$\Sigma_{a=1}^{h-1}\frac{a}{h}(\zeta^{*})’(1-n,$ $\frac{ka+hb}{kh})$ $\zeta(s, z)$
$\zeta(s,z)=\frac{\Gamma(1-s)e^{-\epsilon\pi}}{2\pi i}.\cdot\int_{t(\lambda,\infty)}\frac{e^{-zt}}{1-e^{-t}}- t^{\epsilon-1}dt$
$s$ $\log t$ $s=1-n$
3. $0\leq n\in \mathrm{Z}$ $z\in \mathrm{C},$ ${\rm Re}(z)>0$ $LG_{n}(z)$
$LG_{n}(z)= \frac{1}{2\pi i}\int_{I(\lambda,\infty)}\frac{e^{-zt}}{1-e^{-t}}\frac{1\mathrm{o}\mathrm{g}t}{t^{n}}dt+\frac{(-1)^{n}}{n!}B_{n}(z)(\gamma-\pi i)$
$(I(\lambda, \infty)$ 2 )
$LG_{n}(z)$ , $(1-n, z)$ $LG_{n}(z)$ $n=2$
Shintani Katayama-Ohtsuki $n$ (cf. [18,12])
Remark 3. $LG_{n}(z)$ (a),(b) ( \S 1 )
$LG_{n}(z)$
4. $n\in \mathrm{N}$
$s_{n}’(k, h)$ $=$ $(-1)^{n}n! \sum_{a=1}^{h-1}\frac{a}{h}LG_{n}$ ( )




$\frac{1}{n}\{h^{n-1}s_{n}’(k, h)+k^{n-1}s_{n}’(h, k)\}=\tilde{\zeta}_{2}’(1-n;(k, h))-\zeta’(1-n)-\frac{1}{kh}\zeta’(-n)$
$+ \frac{1}{n}$ { $h^{n}$ log $h\cdot s_{n}(k,$ $h)+k^{n}$ log $k\cdot s_{n}(h,$ $k)$ } $+ \frac{A_{n-1}}{n}\{h^{n-1}s_{n}(k, h)+k^{n-1}s_{n}(h, k)\}$ .
$A_{j}= \Sigma_{m=1}^{j}\frac{1}{m}$ ($j\geq 1$ ), $A_{0}=0$
Remark 4. $\zeta_{2}’(1-n;\alpha, (k, h))$ $\alpha$ shift,
( 4 )
$n=1$ $n=1$




$\Gamma_{2}$ Barnes I the Stirling modular form the double gamma
function (cf. [2, 3,18,19,12])
3.
$T(k, h)= \sum_{a=1}^{h-1}\frac{a}{h}\log\Gamma(\{\frac{ka}{h}\})$ $\{\frac{hb}{k}\})$
$T(k, h)+T(h, k)=( \frac{h+k}{4}-1)\log(2\pi)+\frac{1}{kh}\zeta’(-1)-\{s_{1}(h, k)\log k+s_{1}(k, h)\log h\}+\log\hslash(k, h)$
$\rho_{2}(k, h)$
1. $\rho_{2}(1, h/k)$ :
$p_{2}$ $(1,$ -kh)=(2\pi ) ke--k71 $\zeta’(-1)k$ n ll $( \frac{h}{k})^{s_{1}(k,h)}\prod_{a=1}^{h-1}\Gamma(\{\frac{ka}{h}\})^{\frac{a}{h}}\prod_{b=1}^{k-1}\Gamma($ $\{\frac{hb}{k}\})^{b}\mathrm{r}$ .
4.
(1) $\alpha\in \mathrm{R}$
$T( \alpha;k, h)=\sum_{a\neq a^{\mathrm{O}}}^{h-1}\frac{a}{h}\log\Gamma(\{\frac{\alpha+ka}{h}\})$
$a=1$
$T( \alpha;h, k)=\sum_{b\neq b^{0}}^{k-1}\frac{b}{k}\log\Gamma(\{\frac{\alpha+hb}{k}\})$
$b=1$
121
$a^{0}$ (resp. $b^{0}$ ) [ $1\leq a^{0}\leq h-1,$ $\alpha+ka^{0}\equiv 0(\mathrm{m}\mathrm{o}\mathrm{d} h)$ (resp.
$1\leq b^{0}\leq k-1,$ $\alpha+hb^{0}\equiv 0(\mathrm{m}\mathrm{o}\mathrm{d} k))$ ( )
$\alpha$ $0<\alpha<h+k,$ $\alpha\in \mathrm{Z}$ :
$T( \alpha;k,h)+T(\alpha;h, k)=(\frac{\alpha}{kh}-1)\log(kh)+\frac{\alpha}{2kh}\log(2\pi)-\{\log h\cdot s_{1}(\alpha;k,h)$
$+ \log k\cdot s_{1}(\alpha;h, k)\}+\{\log h\cdot s_{1}(k, h)+\log k\cdot s_{1}(h, k)\}+\frac{a^{0}}{2h}(2\log k+\log h)$
$+ \frac{b^{0}}{2k}(2\log h+\log k)+\{T(h, k)+T(k, h)\}-\log\Gamma_{2}(\alpha;(k, h))$ .
, $s_{1}(\alpha;k, h),$ $s_{1}(\alpha;h, k)$ $\alpha$ shift $\text{ }$
$s_{1}( \alpha;k, h)=\sum_{a=1}^{h-1}\frac{a}{h}\overline{B}_{1}(\frac{\alpha+ka}{h})$ , $s_{1}( \alpha;h,k)=\sum_{\vdash-1}^{k-1}\frac{b}{k}\overline{B}_{1}(\frac{\alpha+hb}{k})$
(2) $\alpha\in \mathrm{C},$ ${\rm Re}(\alpha)>0$
$\tilde{T}(\alpha;k, h)=\sum_{a=1}^{h-1}\frac{a}{h}\log\Gamma(\frac{\alpha}{h}+\{\frac{ka}{h}\})$ , $\tilde{T}(\alpha;h,k)=\sum_{b=1}^{k-1}\frac{b}{k}\log\Gamma($ $\frac{\alpha}{k}+\{\frac{hb}{k}\})$
:
$\tilde{T}(\alpha;k,h)+\tilde{T}(\alpha;h,k)=\frac{1}{2kh}B_{2}(\alpha)-\frac{1}{kh}LG_{2}(\alpha)+(1-\frac{\alpha}{kh})\log\Gamma(\alpha)-\frac{1}{kh}\zeta’(-1)$
$+ \frac{\alpha}{2kh}\log(2\pi)-\frac{(h-1)\alpha}{2h}\log h-\frac{(k-1)\alpha}{2k}\log k+\{T(k, h)+T(h,k)\}-\log\Gamma_{2}(\alpha;(k, h))$
$\Gamma_{2}(\alpha;(k, h))$
2. $\Gamma_{2}$ :
(1) $\alpha$ $0<\alpha<h+k,$ $\alpha\in \mathrm{Z}$






(2) $\alpha\in \mathrm{C},$ ${\rm Re}(\alpha)>0$
$\Gamma_{2}(\alpha;(1,$ $\frac{h}{k}))=\exp\{\frac{1}{2kh}B_{2}(k\alpha)-\frac{1}{kh}LG_{2}(k\alpha)-\frac{1}{kh}\zeta’(-1)\}\Gamma(k\alpha)^{(1^{\alpha})}-r$
$.(2\pi)$ $h^{-^{h}H_{2}^{-1}} \underline{ka}k^{-\frac{k\alpha}{2}+1+_{\overline{2}\tau^{\alpha-}\pi^{\alpha}\prod_{a=1}^{h-1}}^{k2k}}(\frac{\Gamma(\{\frac{ka}{h}\})}{\Gamma(\frac{k\alpha}{h}+\{\frac{ka}{h}\})})^{\frac{a}{h}}\prod_{b=1}^{k-1}(\frac{\Gamma(\{\frac{hb}{k}\})}{\Gamma(\alpha+\{\frac{hb}{k}\})})^{b}\mathrm{r}$ .
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(3) $\alpha$
$\Gamma_{2}(\alpha;(k, h))=(2\pi)$ $\prod_{j=1}^{\alpha-1}$ (j1- ). $h^{-1_{\frac{\hslash-}{2h}}^{1}\mathrm{L}^{\alpha}}\cdot k^{-\mathrm{L}\frac{k-1\alpha}{2k}}$
. $\prod_{a=1}^{h-1}(\frac{\Gamma(\{\frac{ka}{h}\})}{\Gamma(\frac{\alpha}{h}+\{\frac{ka}{h}\})})^{a}\pi\prod_{b=1}^{k-1}(\frac{\Gamma(\{\frac{hb}{k}\})}{\Gamma(\frac{\alpha}{k}+\{\frac{hb}{k}\})})^{b}l$ .
Remark 5.
(1) $\rho_{2}(1, z)$ $\Gamma_{2}(\alpha, (1, z))$ Shintani
$\{z|z\in \mathrm{C}-(-\infty, 0]\}$ $\{(\alpha, z)|z\in \mathrm{C}-(-\infty,0],$ $\alpha\neq$
$-(m+nz),$ $m,$ $n=0,1,$ $\ldots\}$ (cf. [19]) 1, $2(2)$ $z$.
(2) $\log\eta(z)$
3, 4( )
\S 3. (2 )






(cf. [4, 5]) Poisson
3 (the three-term relation)




5. $\chi$ $\mathrm{m}\mathrm{o}\mathrm{d} l$ Dirichlet $l|kh$
$s_{n}(\chi;(k, h))$ $=$ $k^{n-1} \sum_{a=0}^{h-1}\sum_{b=0}^{k-1}\frac{a}{h}\chi(ka+hb)\overline{B}_{n}(\frac{a}{h}+\frac{b}{k})$
$s_{n}(\chi;(h, k))$ $=$ $h^{n-1} \sum_{a=0}^{h-1}\sum_{b=0}^{k-1}\frac{b}{k}\chi(ka+hb)\overline{B}_{n}(\frac{a}{h}+\frac{b}{k})$
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$\chi=\chi_{0}$ ( )
$s_{n}(\chi_{0} ; (k, h))=s_{n}(k, h)$
Remark 6. $B_{n}(1-x)=(-1)^{n}B_{n}(x)$




$s_{n}(\chi;(k, h))=$ $\frac{1}{2}(h^{1-n}-\chi(h))B_{n,\chi}$ .
(2) $\chi=\chi_{1}\chi_{2},$ $\chi_{1},$ $\chi_{2}$ $\mathrm{m}\mathrm{o}\mathrm{d} k,$ $\mathrm{m}\mathrm{o}\mathrm{d} h$
$\chi(-1)=(-1)^{\lambda}$ $n\equiv\lambda(\mathrm{m}\mathrm{o}\mathrm{d} 2)$
$s_{n}( \chi;(h,k))=\frac{1}{2}k^{1-n}B_{n,\chi}$ , $s_{n}( \chi;(k,h))=\frac{1}{2}h^{1-n}B_{n,\chi}$ .








$s_{1}( \chi;(k, h))+s_{1}(\chi;(h, k))=\chi_{1}(h)\chi_{2}(k)B_{1,\chi_{1}}B_{1,\chi 2}+\frac{B_{2,\chi}}{2hk}+B_{1,\chi}$
$\tilde{\zeta}_{2}(s;(k, h),$ $\chi)^{def}=\sum_{m,n=0}^{\infty’}\frac{\chi(km+hn)}{(km+hn)^{s}}$
$s=1-n$ [
Remark 7. $\chi$ $\mathrm{m}\mathrm{o}\mathrm{d} k$ $n=1$




(1) $d(<-4)$ 2 $\mathrm{Q}(\sqrt{d})$ $\chi=\chi_{d}$ $\mathrm{Q}(\sqrt{d})$ Kronecker ,
$t\in \mathrm{N}$ $t>1,$ $(t, d)=1$ $\mathrm{Q}(\sqrt{d})$ $h(d)$ [ :
$h(d)= \frac{1}{t-\chi_{d}(t)}\sum_{j=1}^{[t/2]}(t-2j+1)A_{j}(\chi_{d}, |d|,t)$ .
$A_{j}(\chi_{d}, |d|, t)=\mathrm{u}d$\mbox{\boldmath $\zeta$}4t.A-l\Sigma \leq b< $\chi_{d}(b)$ (short character sum)
(2) $d$ (1) $t>1$ $(t, d)=1$ $td$ $\mathrm{Q}(\sqrt{td})$ 2 KrO-
necker $\chi_{2}^{s}=^{et}\chi td/\chi d$ conductor $t$ ( $\chi_{2}$ $\mathrm{m}\mathrm{o}\mathrm{d} t$




Zagier Zagier (cf. [20], [21, Chap.I, \S 9.7])
( )
(1),(2) : $t$ $t\equiv 1(\mathrm{m}\mathrm{o}\mathrm{d} 4)$
$h(td)\equiv(1-\chi_{d}(t))h(d)$ $(\mathrm{m}\mathrm{o}\mathrm{d} 4)$ .
$h(d)$ [ $h(d)$ ( $h(td)$
2-rank$=1$ )
$h(td)\equiv 0$ (mod 4) $\Leftrightarrow$ $\chi_{d}(t)=1$
R\’edei-Reichardt $($cf. $[17])_{\text{ }}$ (
Rcidei-Reichardt ( )
$\llcorner$ $)$
(3) $d_{1},$ $d_{2},\tilde{d}_{1},\tilde{d}_{2}$ 2
$d_{1},$ $d_{2},\tilde{d}_{1},\tilde{d}_{2}<-4$ , $(d_{1}, d_{2})=(\tilde{d}_{1},\tilde{d}_{2})=1$ , $d_{1}d_{2}=\tilde{d}_{1}\tilde{d}_{2}=D$
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$\chi_{1},$ $\chi_{2},$
$\ovalbox{\tt\small REJECT},,$ $\ovalbox{\tt\small REJECT}_{2}$ Kronecker $\chi^{\ovalbox{\tt\small REJECT}}\chi_{1}\chi_{2}\ovalbox{\tt\small REJECT}\ovalbox{\tt\small REJECT},\ovalbox{\tt\small REJECT}_{2}$
$\ovalbox{\tt\small REJECT}$
$h(d_{1})h(d_{2})-h( \tilde{d}_{1})h(\tilde{d}_{2})=\frac{1}{D}\{\sum_{n\in S(|\tilde{d}_{1}|,|\tilde{d}_{2}|)}n\chi(n)-\sum_{n\in S(|d_{1}|,|d_{2}|)}n\chi(n)\}$ .
$u,v$ ( $S(u, v)$
$S(u, v)=\{n=au+bv|a,b\in \mathrm{Z}, 0\leq a<v, 0\leq b<u, n>uv\}$
$\mathrm{I}\mathrm{I}$ .
Halbritter [11] (1.1)
6. $z_{1},$ $\ldots,$ $z_{r-1}\in \mathrm{C},$ $z_{1}\cdots z_{r-1}\neq 0$ $\tilde{z}=(z_{1}, \ldots, z_{r-1})$ $(k, h;\tilde{z})$ (
$r$
$(\mathrm{S}_{r})_{n}(k, h;\tilde{z})$ $= \sum_{a=1}^{h-1}\frac{a}{h}rS_{n}’(\{\frac{ka}{h}\}$ ; $(1,$ $\frac{z_{1}}{h},$ $\ldots,$ $\frac{z_{r-1}}{h}))$
$(\mathrm{S}_{r})_{n}(h,k;\tilde{z})$ $= \sum_{b=1}^{k-1}\frac{b}{k}rS_{n}’(\{\frac{hb}{k}\}$ ; $(1,$ $\frac{z_{1}}{k},$ $\ldots,$ $\frac{z_{r-1}}{k}))$
( $r=1$ $s_{n}(k, h)$
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